Magnetic moments of J = 
Introduction
In recent years the interest in properties of heavy baryons has grown (for review see e.g. [1] ). A relevant source of information about the internal structure of particles is their magnetic moments. Magnetic moments of heavy baryons have been considered in various approaches. Nevertheless, the most extensive evaluation of these quantities remains the bag model calculations performed more than 30 years ago [2] . Sometimes these bag model predictions still may serve as a useful guide, yet several drawbacks are also evident. Firstly, only the ratios of magnetic moments to that of proton were presented. Absolute values in analogy with the case of light baryons were expected to be somewhat too small. Secondly, the list of ground state baryons used in Ref. [2] was incomplete -the states Ξ bc , Ξ bc , Ω bc , Ω bc , Ω bcc , and Ω bbc were missing. Thirdly, the hyperfine mixing of Ξ c , Ξ c states (as well as Ξ b , Ξ b ) was not taken into account, which, as was shown in [3] , can change the predictions for magnetic moments substantially. Finally, the parameters used in calculations of magnetic moments were chosen rather arbitrary. The bag radii of charmed and bottom baryons were taken from different variants of the bag model (Ref. [4] and Ref. [5] respectively), and the mass of the charmed quark did not correspond to any of them. Therefore, the predictions of Ref. [2] for baryons containing charmed quarks cannot be treated as exact bag model result, but rather as a (more or less) crude estimate. We think that the contemporary update of the bag model predictions is necessary. In a recent paper [6] we have used an improved bag model to calculate the magnetic moments of light baryons. It was shown that the bag model with the center-of-mass motion (c.m.m.) corrections taken into account can provide sufficiently good predictions for magnetic moments. Now we are going to apply this model to calculate magnetic moments of J = The paper is structured as follows. In Sec. 2 we present briefly the model and give expressions for the baryon magnetic moments. In Sec. 3 we discuss quark model relations (sum rules) that connect magnetic moments of different baryons. Section 4 is devoted completely to the state mixing problem. Results of our calculations are presented in Sec. 5. The latter also serves for discussion and contains concluding remarks.
Preliminaries: bag model, magnetic moments
In our previous paper [6] two slightly different variants of the bag model suitable to provide a correct scale of the baryon magnetic moments were considered. In the present work we have chosen to deal with a first variant of these two because of its simplicity and universality. Below we will briefly outline the main features of this bag model variant.
The hadron bag energy depends on the bag radius R and is given by
where the four terms in the expression are: the bag volume energy, the Casimir energy, the sum of single-particle eigenenergies, and the quark-quark interaction energy (for more details see [7] ). The interaction energy is defined to the first order in the effective (run-ning) coupling constant α c (R) = 2π 9 ln(A + R 0 /R) ,
where A and R 0 are model parameters. Up and down quarks are assumed to be massless. For heavier (strange, charmed, and bottom) quarks we use the running mass defined as
where m f and δ f are additional flavour-dependent parameters of the model. The bag radius R B of an individual hadron is obtained by minimizing (1) with respect to R. The mass of the hadron is related to the corresponding bag energy via expression
where the effective momentum square P 2 is defined as
Here p i are the momenta of individual quarks, and the c.m.m. parameter γ is to be determined in a fitting procedure. The c.m.m. corrected magnetic moments are given by the Halprin and Kerman [8] 
Altogether we have eleven free parameters in the model. These are: the bag constant B, the Casimir energy parameter Z 0 , the c.m.m. parameter γ, two parameters from the definition of the running coupling constant (A and R 0 ), and six parameters necessary to define the running mass functions for the strange, charmed, and bottom quarks ( m s , δ s ; m c , δ c ; m b , δ b ). The values of B, Z 0 , γ, A, R 0 , m s , δ s were determined in Ref. [6] . They are: B = 7.468 · 10 −4 GeV 4 , Z 0 = 0.22, γ = 2.153, A = 0.6514, R 0 = 4.528 GeV −1 , m s = 0.262 GeV, δ s = 0.083 GeV. The numerical values of the remaining four parameters m c , δ c , m b and δ b were obtained in the present work from the fit to the corresponding masses of J/ψ, Λ c , Υ, and Λ b . They are: m c = 1.458 GeV, δ c = 0.089 GeV, m b = 4.721 GeV, and δ b = 0.079 GeV. As we see, the numerical values of parameter δ f for all three flavours are similar. So, in principle, we could even reduce the number of free parameters of the model and use one average value (e.g.,δ = 0.084 GeV) for strange, charmed, and bottom quarks.
The wave functions of baryons can be constructed by coupling the spins of the two first quarks to an intermediate spin S and then adding the third one to form the baryon with the resulting spin J. Proceeding in such manner one can construct the so-called antisymmetric (with respect to the interchange of q 1 and q 2 )
and symmetric
states. For identically flavoured quarks q 1 and q 2 only the symmetric states are allowed. The valence quark contribution to the magnetic moments of baryons is given by [3, 9] 
and
where µ i represents the magnetic moments of individual quarks. For the transition moments we have
In the bag model magnetic moments of confined quarks are given by the formula
where q i is the electric charge of the quark, and reduced (charge-independent) quark magnetic momentsμ i depend on the quark mass m i , energy ε i , and bag radius of baryon R B (see [10] ):
The expression (12) changes its sign under the interchange of the first two quarks in the wave functions (7), (8) . This is important in the sense that relative signs of transition moments are observable in an interference between decays to the same state. Therefore the same quark ordering must be used consistently for each state of the same quarks. Of course, we are free to choose the relative phase of the wave function, but only once. Our phase conventions are the same as in Ref. [3] and differ from those adopted in e.g. Ref. [9] .
For the baryons containing three quarks of different flavours the intermediate spins, in general, are not good quantum numbers because the colourmagnetic interaction causes the mixing of the states (7) and (8) . This problem will be discussed in detail in Sec. 4.
Using Eqs. (9)- (12) one can write down the explicit expressions for the magnetic moments of all ground state heavy baryons. Sometimes it is useful to have such expressions at hand. For convenience we present them in the Appendix.
Quark model relations and sum rules
With some additional assumptions a plenty of quark model relations between magnetic moments of various baryons can be obtained. The main assumption is that quark magnetic moments in various baryons are the same. This is true for the naive nonrelativistic quark model. In Ref. [9] this assumption was used to obtain the relations connecting magnetic moments of differently flavoured baryons (charmed and light, for example). Our opinion is that there must be no illusions about the predictive power of such relations.
In the bag model the quark magnetic moments can differ when passing from baryon to baryon. Therefore the before mentioned assumption may be treated as sufficiently accurate approximation only for baryons with the same (or very similar) quark content. In other cases one should handle it with care.
From the expressions presented in the columns 3 of Tables 8 and 10 (in the Appendix) we readily obtain the relations for magnetic moments of charmed baryons (for simplicity we use shorthand notations in which magnetic moments of particles are replaced by the symbols of these particles):
In the naive nonrelativistic model there exist also relations 4Ω 0 c + Ω + cc = 5Λ and 2Ω * 0 c − Ω * + cc = 3Λ, where Λ represents the magnetic moment of the strange baryon Λ. In the bag model these relations do not hold anymore because magnetic moments of strange quarks entering light and heavy baryons differ substantially. However, we can combine these equations to obtain the first row of Eqs. (20) . In order to distinguish between sufficiently accurate (in our model) and approximate relations we use the symbol "=" in the cases when the accuracy of the relation is ≤ 3%, and the symbol "≈" when the accuracy is in the range (4 − 9)%. If the accuracy is worse, the relation is discarded.
An isospin symmetry leads to additional relations. For the magnetic moments this symmetry means that one can setμ u =μ d . Then from columns 4 of Tables 8 and 10 the following relations can be deduced:
In the bottom sector the analogy of Eqs. (15)- (20) is baryons is comparable with the magnetic moment of the bottom quark. As a consequence, the sufficiently accurate value of the latter cannot be extracted from the above relations, and we are forced to exclude them from our list.
The isospin symmetry now leads to the relations
The states of the type B, B enter the relations above only in the combination (B +B ). The reason is the state mixing which can cause sizable shifts of unmixed quantities while leaving, however, the combination µ(B) + µ(B ) invariant. There are several states the mixing of which is sufficiently small. First of all, such are two pairs of states Λ + c , Σ + c and Λ 0 b , Σ 0 b , for which in the case of exact isospin symmetry there is not any mixing at all. A careful analysis [3] shows that this assumption is valid to high degree also for real physical states. Therefore the mixing between Λ Q and Σ Q states (where Q denotes heavy quark) can be safely ignored. Explicit calculations show that in the bag model the mixing of
is not large enough to change the unmixed magnetic moments substantially. Therefore we can add two more relations to our collection:
That is all that remains from the naive nonrelativistic result
One may wonder why one member of the isospin doublet (i.e. Ξ + c ) undergoes substantial changes, but another (Ξ 0 c ) does not. The reason is a very large Ξ + c → Ξ + c transition magnetic moment, larger by an order of magnitude than the corresponding Ξ 0 c → Ξ 0 c moment. The same is also true for the isospin doublet Ξ − b , Ξ 0 b . A reasonable question is if there could be any profit from all these nice relations and sum rules. Of course, they can be used as a tool for the extra check of the results obtained in calculations. They may help one to gain some feeling (plausibly oversimplified) about the possible values of magnetic moments under consideration and reveal some regularities as well. It is not clear in general if many of them would survive in other approaches, especially the more elaborated ones with various corrections included. In the heavy hadron chiral perturbation theory [11] , for example, Eqs. (15), (17), (22), (26) , (28), (33) are valid.
In the end, we think that caution must be paid while trying to use a single magnetic moment of baryons
, Ω 0 bc , and Ω 0 bc in the quark model sum rules such as, for example, Σ ++ c +Ω 0 c = 2Ξ + c [11] . State mixing effect can spoil this relation. In our model its accuracy is only about 25%. The usual relations containing these states are valid only when the unmixed states are considered. In the case of physical states only the invariant combination of the type B + B makes sense.
Wave function mixing
Among the heavy baryons under consideration there are some containing three quarks of different flavours. In this case additional complications arise because the quark-quark hyperfine interaction is not diagonal in the basis defined by the wave functions (7), (8) . The physical states are the linear combinations of these states
We have already studied the impact of such state mixing on the masses of heavy baryons in Ref. [12] . Extensive study was also performed in the framework of nonrelativistic potential model [13, 14] , and it was shown that the state mixing has significant implications for some aspects of phenomenology of these states such as their semileptonic decay rates. In Ref. [3] it was shown that this mixing can affect the values of magnetic moments even when it is not sufficiently strong to induce significant shifts of baryon masses.
When the state mixing is taken into account the mixed magnetic moments of the baryons are given by
The physical transition moment is now
Without mixing the results in most cases depend very strongly on the quark ordering in the spin coupling scheme [(q 1 q 2 ) S q 3 ] J . With mixing the quark ordering becomes irrelevant, and in every case the final result is the Table 1 : Mixed and unmixed magnetic moments (in nuclear magnetons) of Ξ c , Ξ c , and Wave function Tables 1, 2 the results of our calculations of heavy baryon magnetic moments with intermediate data for all possible quark orderings. We think it is a good pedagogical example too. The calculation procedure is almost the same as in Ref. [12] . The only difference is the opposite sign of the off-diagonal matrix element of the interaction energy. We have changed the relative phase of the wave functions in order to have the same phase conventions as in Ref. [3] . The quark arrangements used are: (q 1 q 2 ) S q 3 , (q 3 q 1 ) S q 2 , and (q 2 q 3 ) S q 1 , where in the first one the quarks are ordered from lightest to heaviest. Note that in order to maintain the relative phases of wave functions unchanged the second and the third schemes are obtained from the first one by even permutation of particles. Tables 1, 2 define the expansion of the mixed state
From the inspection of Tables 1 and 2 it is clear that unmixed magnetic moments are very sensitive to the quark ordering scheme, and therefore, strictly speaking, for magnetic moments there is no good ordering scheme. 
and Ω 0 bc , Ω 0 bc ) the full account of the state mixing effect is necessary.
Results and discussion
Now we are in a position to give the c.m.m. corrected bag model predictions for magnetic moments of ground state heavy baryons. The results are presented in Tables 3-7 . We also compare our predictions with results obtained using various other approaches. These are:
• Simple nonrelativistic quark model (Nonrel) with state mixing in the case of baryons containing three differently flavoured quarks. Predictions for mixed magnetic moments are taken from Ref. [3] , all other ones were calculated using input values given in [3] Tables 8-10 . Here and further µ N denotes the nuclear magneton.
• Phenomenological relativistic quark model [15] . Authors of this work studied three forms of relativistic kinematics. For comparison we have picked out the "instant" form.
• Quark model based on the Dirac equation with a confining power-law potential [16] .
• Relativistic three-quark model [17] .
• Full nonrelativistic calculation using Faddeev formalism with AL1 potential [18] .
• Nonrelativistic variational ansatz with the same AL1 potential [19] . For J = (Tables 5 and 7) we group the predictions of Ref. [18] for magnetic moments of Ω ++ ccc and Ω − bbb with the results obtained in [19] for other baryons in one column.
• Nonrelativistic model with screening and effective quark mass [20, 21] .
By the way, in this approach the screening effect spoils the quark model relation (24) .
• Nonrelativistic hypercentral model [22, 23] . Their states Ξ Q are evidently symmetric and should be renamed as Ξ Q .
• Chiral constituent quark model [24] . Their prediction for the magnetic moment of triply heavy baryon Ω ++ ccc is an order of magnitude lower than predictions obtained in all other Refs. We guess that authors of [24] have used for valence contribution the value 0.165 µ N instead of 1.165 µ N . In Table 5 we have changed their value for magnetic moment of Ω ++ ccc from 0.155 µ N to 1.17 µ N on our own responsibility.
• Chiral perturbation theory [25] .
• QCD spectral sum rules [26] .
• Light cone QCD sum rules [27] [28] [29] .
Care must be taken when one tries to compare various expressions and results of the calculations with earlier works because of some mess-up in the notations of primed and unprimed states for the single heavy baryons Ξ Q and Ξ Q . Usually [1] the physical Ξ Q state is assumed to be that which contains a pair of light quarks mostly in S = 0 (antisymmetric) state |Ξ Q ∼ |[q 1 q 2 ]Q where q i denotes the light and Q the heavy quarks. Respectively the primed state Ξ Q is mostly S = 1 (symmetric) state Ξ Q ∼ |{q 1 q 2 }Q . Often the notations Ξ Q (Ξ Q ) are simply used to denote pure antisymmetric (symmetric) states. When the quark model was young the opposite convention was in use. Such old fashioned (opposite) convention has been used for designating the primed states in Refs. [3, 9, 16] . This circumstance must be taken into account when comparing their results with ours. Some complications arise when we want to compare our predictions for doubly heavy baryons Ξ bc , Ξ bc and Ω bc , Ω bc with the unmixed results obtained using quark ordering scheme representing heavy diquark picture [17, 19, 22, 30] , in which the spins of the two heaviest quarks are coupled to form symmetric
At first sight such scheme seems to follow the recipe of Ref. [3] that the two quarks closest in mass must be (anti)symmetrized as the first two. But the fact that the two quarks are the heaviest does not mean that they are the closest in mass. With respect to the colour-hyperfine interaction u (or d) and c quarks are closer than c and b (see Table 2 ). Meanwhile, in the case of two identical heavy quarks the heavy diquark picture is a perfect choice. Of course, we can compare their predictions with our unmixed results corresponding to the quark ordering (Q 1 Q 2 )q and obtain good qualitative agreement. However, our unmixed states are not physical states, therefore such comparison between presumably physical and nonphysical states seems to be unsatisfactory. On the other hand, we see from Table 2 that our unprimed state is predominantly 
Primes on states of Ξ bc and Ω bc different from [17] (opposite), as explained in the text. 
. So, it makes some sense to denote the symmetric heavy diquark state as |B and antisymmetric one as |B . Such convention has been chosen in Refs. [19, 22, 30] . However, in Ref. [17] the opposite convention has been used. For convenience and in order to have a more consistent representation we have renamed (in Table 6 ) their Ξ bc and Ω bc states as Ξ bc and Ω bc (and correspondingly Ξ bc , Ω bc as Ξ bc , Ω bc ). Now let us focus on the results presented in Tables 3-7 . The first impression is that almost all collected predictions (with only several exceptions) as a whole give us a relatively consistent picture. This is the consequence of underlying symmetry shared by the models. But can we understand the differences? Not always, but sometimes we can. As a first step it is not a bad idea to compare our bag model predictions with the results given by simple nonrelativistic model (columns 3 of the Tables 3, 5-7) . We see that the qualitative picture in both variants is similar, while numerical values differ, sometimes substantially. Maybe the most intriguing feature is the opposite sign of predicted magnetic moments in the bag and nonrelativistic models for Ξ ++ cc and Ξ * + cc baryons. The inspection of predictions presented in Tables 3-5 shows that there is now common agreement on the signs of these magnetic moments. The explanation of such disagreement is quite simple. The magnetic moment of Ξ ++ cc is given by the expression µ(Ξ ++ cc ) = 2 9 (4μ c −μ u ) (see Table 8 ). The sign of this magnetic moment depends on what is "stronger" -two c quarks or one u quark. In the nonrelativistic model the u quark overcomes the c-duet, while in our bag model the c quarks defeat a single u quark. The magnetic moment of Ξ * + cc is related to µ(Ξ ++ cc ) by Eq. (24), therefore its sign must be the same.
Contrary to the naive nonrelativistic model, in the bag model the magnetic moment of a quark depends on baryon, the owner of this quark. There are two effects that make the quark magnetic moments in the case of heavy baryons smaller. Firstly, the dependence of the quark magnetic moment on the bag radius. 
, Ω bbb ) the magnetic moments of which depend on the magnetic moments of the heavy quarks only. We expect that in these cases the results obtained in the bag model and in the nonrelativistic one must be similar. The differences indeed do not exceed 10%. In all other cases the bag model predicted values of magnetic moments are smaller than corresponding nonrelativistic results (sometimes distinctly).
The magnetic moments of heavy baryons are unlikely to be measured in the nearest future. In such situation any indirect estimate of these quantities could be helpful. Some useful information can be extracted from the mass spectra of baryons. Magnetic moments of quarks are proportional to the chromomagnetic moments which determine the colour-hyperfine splitting of baryon masses. Using this fact the magnetic moments of Λ c and Λ b can be obtained [31] . The predictions are µ c (Λ + c ) = 0.43 µ N and µ b (Λ 0 b ) = −0.067 µ N , in excellent coincidence with our results. These values are also consistent with almost all other predictions with the exception of spectral sum rules [26] , where the source of deviation is the contribution from higherdimension condensates.
We think it could be reasonable to continue the comparison of bag model predictions with the results obtained in other approaches with the simplest case of J = (Table 7) . We see immediately that our predictions are compatible with the light cone sum rules [29] , while the agreement between nonrelativistic model predictions and light cone sum rules is not so good. The results obtained using hypercentral model [22, 23] are, as a rule, somewhere between naive nonrelativistic predictions and ours. For example, their predictions for the magnetic moments of triply heavy baryons agree well with our results, while in other cases they are closer to the predictions of simple nonrelativistic model. Variational calculations [19] do not differ substantially from the results obtained using naive nonrelativistic model.
The situation is similar for the J = In both cases for the baryons containing three differently flavoured quarks the state mixing effect caused by the colour-hyperfine interaction was taken into account. This is a significant improvement which can lead to substantial shifts of the predicted magnetic moments. For the mixed magnetic moments we have reasonable qualitative agreement between predictions obtained in both models. Another approach in which the state mixing is taken into account (by definition) is the Faddeev formalism [18] . The predictions obtained using this method do not differ very much from naive nonrelativistic results.
To see what is the importance of the state mixing effect one can compare the result of Ref. [18] for baryons Ξ 0 bc , Ξ + bc , and Ω 0 bc with the corresponding results obtained in Ref. [19] where this mixing was ignored. Note that predicted magnetic moments can differ by almost 40 times (in extreme case of Ω 0 bc ). The importance of this effect for the models with effective colourhyperfine interaction has been known for years [3] , nevertheless, in many calculations it was systematically ignored for various reasons (peculiarities of the model, technical difficulties, etc.) This seems to be the case for all other calculations we are going to compare our predictions with. A special exception is pure chiral models in which the state mixing of this type is naturally absent because of different type of effective interaction used. This is the reason of some qualitative difference between predictions for magnetic moments of heavy baryons obtained in chiral approach and in models based on the effective colour-hyperfine interaction. Therefore when we compare our results for baryons Ξ + c , Ξ + c ; Ξ 0 b , Ξ 0 b ; Ξ 0 bc , Ξ 0 bc ; Ξ + bc , Ξ + bc ; and Ω 0 bc , Ω 0 bc with predictions of others we must keep all theses circumstances in mind.
With these not very short preliminaries we can now proceed comparing of our predictions with other results. We see that all models, as expected, give very similar predictions in the case of triply heavy J = [24] and in chiral perturbation theory [25] . Our predictions in these cases differ substantially. The state mixing effect acts in opposite direction as chiral corrections. Could these two effects if applied simultaneously compensate each other? In any case it should depend on the model. Possibly it could happen in models with some mixture of one-gluon-exchange and Goldstone-boson-exchange induced interactions. Hypercentral predictions in the charm sector are again somewhere between simple nonrelativistic results and ours (some closer to ours, some to naive nonrelativistic), but for the bottom baryons they are closer to the predictions obtained in simple nonrelativistic approach. Almost all other predictions are closer to nonrelativistic results and provide larger values than ours. For example, the predictions of Ref. [15] for unmixed moments are almost indistinguishable from the naive nonrelativistic predictions. However, we found out, with some surprise, that our predictions for magnetic moments of J = 1 2 baryons (at least unmixed) resemble the results obtained in Ref. [17] including positive sign of µ(Ξ ++ cc ). The models are very different, and we have no reasonable explanation of this resemblance. Could the reason be a common relativistic nature? Initially both them were formulated as relativistic nonlocal field theories. It may be, but the other two relativistic models [15, 16] behave very much like their nonrelativistic neighbours.
In summary, we have used the improved bag model to calculate magnetic moments of J = and Ω 0 bc , Ω 0 bc this mixing leads to appreciable shifts of the unmixed magnetic moments and, in order to have a consistent description, must be taken into account. 
